Abstract. 2014 We present in this paper a calculation of the non-linear susceptibility near a Doppler-free two-photon transition. In the case of a two-level system, we find a non-perturbative solution. We deduce new effects on the non-linear refractive index which are related to the change of the linear susceptibility because of the transfer of atoms between the ground and excited levels. In the case of a more complex system, we study at the lowest order of perturbation the anisotropy induced by one beam on the other. At last, we show that it is easy to observe a bistable behaviour when atoms, inside a Pérot-Fabry cavity, interact with a beam whose wavelength is close to a two-photon resonance.
Physics Abstracts

32.80K -42.65B
The problem of Doppler-free two-photon absorption has been considered in many papers [1] . On the other hand, only a very small number of papers [2] have discussed Doppler-free two-photon dispersion which is a subject closely related to the previous one. It certainly corresponds to the fact that Doppler-free two-photon absorption has been mostly used for spectroscopic purposes and in this case, it is generally easier and more precise [3] to detect the excited atoms by fluorescence or by ionization [4] rather than by the absorption itself. This explains why the evolution from saturated absorption spectroscopy to saturated dispersion which has been observed in a neighbour technique has little chance to occur with a great extension in the two-photon domain. Nevertheless, it seems interesting to calculate the formulae corresponding to two-photon dispersion, firstly because it may be possible that in some very particular cases the dispersion may be more accurate than the other detection mechanisms, secondly because the dependence of the index of refraction upon the intensity leads to new effects such as induced optical activity [2] and birefringence, bistability... The paper is divided into four parts. In the first part, we perform a brief recall of the general formalism and we calculate the refractive index of a travelling wave when its wavelength is close to a two-photon resonance. In the second part, we consider the case where two waves of opposite directions interact in the medium and we calculate the modification of the refractive index of one wave due to the presence of the other. In the third part we describe two effects related with the interaction of the waves near a twophoton resonance : the optical activity [2] and the birefringence and we calculate the angular parameters in the general case of a 7g -+ Je transition. In the last part, we consider the problem of optical bistability near a Doppler-free two-photon transition.
1. Refractive index of a travelling wave. -1.1 EFFECTIVE HAMILTONIAN. - In order to describe the two-photon absorption, we need at least three levels : the ground and the excited states g and e and a relay level j [3] . Nevertheless, it is possible in many cases to omit the level j by introducing the two-photon operator [3, 5] and setting up an effective hamilto-nian [6] . We now give a few details in order to clarify our notations.
In the following, the calculations dealing with the atom are always performed in the rest frame of the atom.
We consider an atom with two non-degenerate levels go (ground state) and 1 e &#x3E; (excited state) of the same parity, and a certain number r of relay levels 1 j &#x3E; of the opposite parity. This atom interacts with an electric field whose value in its rest frame is equal to :
The interaction hamiltonian, at the electric dipole approximation, is equal to :
where D is the electric dipole moment of the atom.
In where s is the light-shift of the g-e transition [6] In order to take into account the relaxation processes, .
we assume phenomenologically that : In particular for a small value of bE( '" 1ïr eg) the nonliner part of the susceptibility is about k VI r eg (k V being the Doppler width) larger than the value calculated in a travelling wave.
It is also possible to observe here that the relations between x' and x" are different from those obtained in the single-photon case. If x" keeps a lorentzian shape, its maximum being at x' has not the usual shape of a dispersion curve (see Fig. 1 ), in particular it must be noticed that the value for which xNL = 0 differs from to.,, ,. As noticed previously the behaviour of x' comes from the fact that we take into account in our calculations the modification of the linear susceptibility due to the variation of population of the ground and excited levels. The second term of this expression corresponds to the usual linear susceptibility. In the following we focus our attention in the first term : the non-linear part of D(W2) ) labelled DNL(W2) ). By evaluating ( m,, 1 P 1 mg &#x3E; at the lowest order of perturbation (the ground level is assumed to be not polarized), we obtain :
We have introduced in this formula the symmetrical two-photon operator [5] E2 is the polarization orthogonal to E2 (which means that E2. E2 = 0) in the plane orthogonal to ez (direction of propagation of the waves). In theory, we should introduce a component of DNL(ro2) &#x3E; along e.,. However the application of the formulae demonstrated below for the component along E2 shows that the component along Oz is equal to 0. So we don't keep it in the formula. The circular frequency m is equal to (à § 1 + w2)/2. Apart from the anisotropic terms, the difference between (24) and the formula obtained previously in the non-perturbational theory ( § 2 .1) comes from the fact that all the effects related to the light-shift and the saturation are now neglected.
We can obtain a further simplification in the expression of DNL(W2) &#x3E; by introducing the standard components of the two-photon operator [5, 7J (see formula (13) of [5] 
where Pe and Pg are the projectors on the eJe and gJg subspaces. The coefficients a9(E1, E2) are presented in [5] . Reporting this expression of egQs EZ in formula (24) and using the orthogonality relation of the ClebschGordan coefficients, we find (this demonstration is very similar to the one presented in the case of absorption in [5] , § 1. 3 .1 )
It is possible to obtain an explicit value for the summation over q. Some values have already been reported [5] , the other ones can be calculated easily using a theory identical to the one developed in [8] . We find (the coefficients a9 are equal to 0 [5] ) :
(In order to demonstrate this last formula, we have used E2.E2 = 0). Thus the formulae (25) and (26) permit to calculate the angular dependence of the non-linear susceptibility without any difficulty (2) .
For the sake of simplicity, we assume now that the intensity of one beam is much larger than the intensity of the other (for instance Ii &#x3E; /2)' In that case, the polarization E1 of the beam 1 is only very slightly modified during its propagation and we can take it as a constant.
It appears obviously on formula (25) that the dipole moment DNL(W2) &#x3E; varies linearly with the electric field 92. Thus we can define a refractive index for the wave 92. We can also (because of this linearity) add two solutions 82 and 62 (provided that /2 and /2« Il) to find another solution.
Our problem consists in finding the eigenvalue of the tensor of susceptibility (see formula (25)). We now solve this problem for two important particular cases : the case where the intense beam E1 is circular and the case where it is linear.
(2) In order to obtain the susceptibility x, we must come back to the laboratory frame and then average on the velocity distribution (see section 1.4). We assume in this section that the two oppositely travelling waves have wave vectors of the same order of magnitude such that the residual Doppler effect 1 kt -k2 1 V is much smaller than reg which permits to simplify the average over the velocities. This effect has been observed by Liao and Bjorklund [2] in the case of the 3S1/2-5S1/2 transition in sodium. It must be noticed that the effect is not restricted to the case of a S-S transition (even if it is the most obvious case because eLe I l Q 2 Il gLg &#x3E; = 0 and that n+ = no). This effect occurs for almost all the transitions. In particular if Jg =1= Je only the tensor of rank k = 2 couple the ground and the excited states and it is easy to see that the nonlinear part of the refractive index is then 6 times larger for n+ than for n -.
POLARIZATION ROTATION INDUCED BY
Addition of hyperfine coupling can be dealt with in the same manner as in reference [5] . (25) and (26), we find that the eigenstates of the tensor of susceptibility correspond to the polarizations ex and ey. We find
The refractive index for waves polarized parallel to the axes Ox and Oy are practically always différent. We thus obtain a birefringent medium.
4. Bistability near a doppler-free two-photon transition. - The dependence of the index of refraction with the intensity may also lead to the observation of bistability [10] . The possibility of observing bistability near a two-photon resonance has already been suggested in a nice paper of Arecchi and Politi [11] . (22)). On the other hand, there are many experimental conditions (see Fig. 1 ) where x" is closed to 0 while x' has an important value.
Many Doppler-free two-photon experiments are performed inside a Pérot-Fabry cavity [9] . Such a system close to a two-photon resonance is potentially bistable (which means that for the same input power in the cavity, one may observe different outputs according to the history of the system). Up to now, bistability has not been observed in these conditions because the density of the atoms (or the power of the laser) was not sufficient. But, as we shall demonstrate it hereafter, a bistable behaviour can occur for several two-photon transitions in alkalis using commercial c.w. dye laser.
By comparison with previous experiments on bistability performed with an atomic vapour [10] , the Doppler-free two-photon experiments present several advantages : -because the energy detuning from the two-photon transition is the same for all the atoms [12] and a symmetric expression for n2.
(1) As the non-linear susceptibility x(z') depends on z' through the value of the electric field 6(z'), the notation x°(z') means that we perform the calculation of x[6(z')] with the unperturbed value of the electric field : XO(z') = X[to(z')].
